Limiting currents were measured for deposition of copper on plane vertical cathodes from unstirred solutions. Electrolyte composition ranged from 0.01 to 0.7 molal CuSO4, 1.38 to 1.57 molal H2SO4, and 0 to 6.38 molal glycerol. Cathode heights varied from 0.25 to 3.0 in. Limiting current densities were from 0.4 to 108 ma/cm 2. A general correlation of the data may be represented by the equation: Nu' = 0.673 (ScGr)m, where Nu', Sc, and Gr are the mass transfer Nusselt, Schmidt, and Grashof numbers, respectively. This result is in good agreement with that predicted from the boundary layer theory for mass transfer by free convection.
INTRODUCTION
This paper is concerned with limiting rates of deposition of copper ions at a vertical cathode in an unstirred solution. In such a system, natural convection, or "spontaneous stirring," results from density changes which accompany concentration changes in the region of the electrode. The limiting process is controlled by the maximum rate of mass transfer of copper between bulk solution and the electrode surface. A more detailed discussion of mass transfer phenomena in electrochemical problems has been presented in an earlier paper (1) .
Natural convection usually involves laminar motion of the fluid so that the over-all process requires consideration of the simultaneous action cf molecular diffusion and convective flow. In steady-state free convection, the main resistance to mass transfer is associated with a relatively small region of fluid in the vicinity of the electrode, and the concentration of the bulk solution remains constant. It is convenient to describe the rate of transfer between any point on the electrode surface and the surrounding solution in terms of a mass transfer coefficient for free convection as given by the relation: where: (Nn)~ = local rate of mass transfer, gram moles/cm2-sec; lc~ = local mass transfer coefficient at height x on the electrode surface; and Co and Ci = concentration of reacting species in bulk solution and at electrode surface, respectively, gram moles/ em 3.
The total local rate of mass transfer, excluding migration, is determined by the current density:
(ND)~ -I~(1 --t) (II) nF ~Manuscript received April 6, 1953 . This paper was prepared for delivery before the Philadelphia Meeting, May 4 to 8, 1952. 513 where: Ix ~-current density at height x; n = valence charge of reacting ion; F = the Faraday; and t = transference number of reacting ion averaged over the mass transfer path.
To describe the rate of mass transfer per unit area averaged over the entire electrode, an average mass transfer coefficient may be defined by the equation:
N. = kL(Co --C~) -{(1 -t) (nI)
nF where: Nn = average mass transfer rate, gram moles/ cm~-sec; k~ = average mass transfer coefficient, cm/see; and I = average current density, amp/cm 2, i.e., total current + electrode surface area.
Limiting Current and Concentration Polarization
The mass transfer coefficient has a value characteristie of the system and current density under consideration, so that the average current density is given by rearrangement of equation (III):
I = nF(Co -C~)lc~ (IV)
(1 --t)
The theoretical maximum current density is that which would reduce C~ to zero. This theoretical limiting current density cannot be fully reached in practice because of the development of electrode polarization associated with depletion of the reacting ions in the region of the electrode. This polarization is approximately equal to the emf of a concentration cell formed between two solutions containing the reacting ion at concentrations Co and C~, respectively. Thus:
result of the polarization, so that, in general, before the theoretical maximum current can be reached, some competing electrode reaction such as hydrogen evolution occurs. However, C~ often can be reduced in practice to an essentially negligible value before the onset of a successive reaction. For example, in the deposition of a copper ion at 25~ a concentration polarization of 0.087 volt will require the ratio C;/Co to be 10 -~. In view of the possibility of successive reactions, it is necessary to define the limiting current density as the maximum current density which may be utilized exclusively for the production of a desired electrode reaction. Equations for prediction of mass transfer coefficients and general correlation of data may be developed by analogy to solutions of the corresponding problem of heat transfer to vertical surfaces by free convection. In another paper (2), the authors have applied the boundary layer equations of Squires (3), as outlined by Eckert (4) , to the present mass transfer problem. This procedure leads to the following results in the form of dimensionless groups:
where: (Nu')~ = local Nusselt number for mass transfer; Se = Schmidt number; and Gr = Grashof number.
The Nusselt, Schmidt, and Grashof numbers are given by
where: k~ = mass transfer coefficient at height x, cm; x = vertical height on electrode surface, cm; D = effective diffusion coefficient of cupric ion, cm2/ sec; Xy = "film factor" for diffusion of cupric ion analogous to film pressure factor in gases (5, 6) , equal to the log mean volume fraction of nondiffusing species in the present case.
Sc-
where: # = average liquid viscosity, g/cm-sec, and p = average liquid density, g/cm 3.
where: pc and p~ = fluid densities in bulk solution and at the electrode surface, respectively, g/cm ~, and g = acceleration of gravity, cm/sec 2.
It is convenient to relate the density difference, pc -p~, to the concentration difference, Co -C~, by the specific densification coefficient, a, defined by the relation:
The specific densiflcation coefficient does not vary greatly with concentration and, therefore, provides a convenient method for correlation of density data for use in these equations.
At the limiting current, assuming C~ to be negligible over the entire electrode, ks varies inversely as the 1/~ power of x. By integration over the electrode, the average mass transfer coefficient over height 0 to x can be related to the local value at height x by the equation:
Assuming XI = 1 and the number 0.952 negligible compared to Sc, equations (VII), (VIII), and (XI) may be combined to give the general equation for correlation of mass transfer coefficients in liquid systems:
FIG. 1. Cell and circuit diagram APPARATUS AND MATERIALS
The apparatus consisted essentially of an electrolytic cell for copper deposition and auxiliary equipment for measurement of total current and cathode potential relative to the bulk solution in the cell. Fig. 1 is a schematic diagram of the apparatus.
The cell was a rectangular container 7.6-cm wide and 10-cm high, formed of several sections of Lucite so that the distance could be varied between the cathode and anode located at opposite ends. Fig. 2 and 3 illustrate these features. A copper plate formed one of the end walls and served as anode. The copper cathodes were mounted in various Lucite holders as shown in Fig. 4 . These holders permitted use of electrodes of four different heights: 0.634 cm, 2.54 cm, 3.75 cm, and 7.6 cm, and facilitated exchange of electrodes for repetition of the experiments. All cathodes were equal in width to the inner dimension of the cell, i.e., 7.6 cm. The sides of the cathodes were insulated with Glyptal lacquer so that only the side facing the anode conducted current. The cathode circuit was completed by means of a contact screw, as indicated in Fig. 1 . A fresh electrode was used for every 5miring current determination, each electrode having been ~brased and preplated by a standard procedure to assure uniformity of surface properties. Care was taken to obtain smooth alignment of the cathode surface with the vertical cell wall formed by the Lucite holder.
As reference electrode, a copper rod was immersed m a solution of the same composition as the bulk liquid in the cell and connected to the cell through a capillary of l~-mm outside diameter, located in the corner of the cell at the centerline of the cathode at a distance of 1 mm from the surface. Data were not corrected for the small error in potential caused by ohmic resistance of the solution between the capillary tip and the electrode.
Potentials between the cathode and the reference electrode, i.e., total cathodic polarization, were measured with a type K-2 potentiometer, and current was measured with a range of calibrated ammeters.
Fifteen different solutions of CuSOt in approximately 1.5M sulfuric acid were investigated. CuSO4 concentration varied from about 0.01M to 0.74M, and H2SO4 varied from 1.38M to 1.57M. The electrolyte composition remained essentially constant in any one experiment. The cell liquid was analyzed frequently during the course of the study; Cu ++ by the iodine-thiosulfate method, and SO4-by standard gravimetric procedure. C.P. chemicals were used for preparation of all solutions. With the electrodes in place, the cell was filled with liquid to a depth of 10 cm, completely covering the cathode in all cases. Current was then passed through the cell and increased in small increments until the limiting current was attained, and usually increased further to the point of hydrogen evolution. Potential readings and new current settings were made at intervals of approximately 1 minute. These time intervals permitted the current and potential to reach essentially steady-state conditions at each rheostat setting, as demonstrated in preliminary experiments. Current-potential measurements were made with each electrode and electrolyte composition, and repeated three or four times, using freshly prepared cathodes. Reproducibility of successive limiting current determinations was within 1-2 per cent. The limiting current density for each experimental condition was determined by plotting the average current density over the electrode vs. potential, as determined by the reference elec- trode, and observing the "plateau" where the current density became essentially independent of po-tential. Fig. 5 is a typical current-potential curve for two consecutive runs on the same solution. Although potentials at currents well below limiting were not always consistent for runs on different electrodes, the limiting current plateaus were always in reasonably good agreement. Temperature was observed during the experiments for subsequent evaluation of liquid properties.
CORRELATION OF RESULTS
Experimental data for the principal experiments are summarized in Table I . According to equation (XII) and related theory, the Nusselt number should be a unique function of the Schmidt-Grashof number product for all electrode heights and electrolyte compositions. The procedure for obtaining these dimensionless groups is outlined briefly. Numerical values were based on the experimental data of Gordon and Cole (7) corrected for temperature, viscosity, and ionic strength of the solution. Hydrogen ion and sulfate ion were assumed to diffuse as sulfuric acid since the cupric ion concentration was relatively small in all eases. Sulfuric acid diffusivities were derived from data of Gordon (8) and Thovert (9) , utilizing temperature and viscosity corrections in a similar manner to the procedure for CuSQ. Diffusion coefficients and viscosities entering the final correlation were evaluated at the arithmetic mean composition between the bulk solution and electrode-solution interface. NumerieM values are given in Table I .
Mass transfer coeflicients.--Average
Interracial composition.--The cathode reaction and migration effects result in a net movement of sulfuric acid toward the interface. Eventually, a steady state is reached in which acid is transported away from the electrode by convective mass transfer at the same rate it is carried toward the electrode. The coneentration difference thus developed between the electrode and bulk solution is expressed by the relation:
Its+ = k~i~o~(C~-Co)~o~
(xHD where tu+ = transference number for hydrogen ion, and lcu~so., = mass transfer coefficient for sulfuric acid. According to equation (XII), the mass lzansfer coefficients for the various species vary as the a/~ power of the respective diffusion constants for any given electrode and solution. Therefore, the mass transfer coefficients for H~S04 were calculated from the relation
I_Dcuso4 _l perimental quantities in equation (III), assuming Ci to be negligible compared to Co, and t for cupric ion to be zero. Estimates based on ionic mobilities at infinite dilution and corrected for concentration by comparison with similar systems indicated that the average value of t over the boundary layer probably did not exceed 0.015 for even the most concentrated CuSO4 solutions. In absence of a rigorous theory for treating transference over the present concentration profiles further refinement of the analysis did not seem justified.
Film .factor for cupric ion.--Due to the small volume of the cupric ion, (Xy) in equation (VII) was never less than 0.997 for the maximum concentrations and was, therefore, assumed unity in all calculations.
Diffusion coe~cients.--The effective diffusion coefficient for cupric ion was assumed to be the value for CuSO4 since sulfate was the only anion present.
From the known bulk solution sulfuric acid concentration, the electrolyte composition at the interface could be calculated for each experiment. Trial and error procedure was required in the solution of equations (XIII) and (XIV) since the average film composition, and, hence, the diffusion constant, was not known in advance.
Viscosities.---Viscosities were measured with an
Ostwalt viscosimeter for sulfuric acid and copper sulfate solutions over the range of temperatm'e and composition of interest. Results for pure sulfuric acid solutions were in agreement with the data of Vinal and Craig (10).
Densities. experiment. This procedure is outlined in detail elsewhere (11) . Density data based on these a values are presented in the data tables pertaining to the various experiments.
above, the Nusselt, Schmidt, and Grashof groups were evaluated for each experiment as presented in Table I . Fig. 6 is a log-log 
Comparison of Results with other Theories and Experiments
Diffusion layer theory.--As originated by Nernst (12) , this theory assumes transfer of ions to occur by diffusion through a "diffusion layer" of thickness B' defined for dilute solutions by the relation:
The diffusion layer is thus a hypothetical layer of stagnant fluid by means of which the total rate of mass transfer by all mechanisms acting over the actual mass transfer path may be expressed by an equivalent rate equation for pure diffusion. This concept has been widely used in the chemical engineering literature, with B' usually designated as the "effective film thickness." From equations (III), (XV), and (XVI), the diffusion layer thickness is given by: (17) has developed an approximate solution to the differential equations for the free convection boundary layer which may be put into the form of equation (XII) as follows:
Again, although the exact numerical coefficient differs, this theory leads to an equation of the ~ame general form as those previously described. Equations of Wagner.--A detailed treatment of the free convection problem in relation to electrode processes has been presented by Wagner (18) . Wagner uses the method of the boundary layer, assuming that the boundary layers for velocity and for diffusion of the various ionic species do not necessarily coincide. By assuming certain functions for the distribution of velocity and concentration between the electrode and point of maximum velocity, equations are developed to apply specifically to the system CuSO4-H~SO4-H20. This result may be expressed in the following form for comparison with equation
(XII):
Xu' = 0.805(ScGr) 1f4.
2 Inspection of the equations as presented by ten Bosch
indicates that the coefficient of equation (Xu should be 0.518.
As a consequence of assuming the boundary layer thickness for diffusion of H + to be greater than for diffusion of Cu ++, Wagner obtains an expression for calculation of the density difference between bulk solution and the electrode surface which differs from the result obtained in this paper. Direct comparison of the methods is, therefore, complicated.
When a may be assumed constant at an average value for each species, equations (IV) and (XIII) to (XV) lead to the following result for the average limiting current density over an electrode of height 2 De,so4 = 0.5 X 10 -~ cm~/sec; acoso4 = 166 cma/mole; an,,so4 = 68 eroS/mole. rent data for deposition of copper from 0.1M CuSO4 in 1.0M H2SO4 are presented by Wagner for three electrodes of heights 1, 4, and 16 cm. These observations are given in Table II , along with values calculated by the method of Wagner, and calculated by equation (XXI) above. Equation (XXI), in coniunction with physical properties evaluated by the correlations developed for this paper, gives a very satisfactory prediction of the measurements, with an average deviation of 3.9 per cent between calculated and observed values. Use of physical properties recommended by Wagner, however, leads to a much less satisfactory result. The principal disagreement with respect to physical data lies in the values of the diffusion coefficient for CuSO4 and in the densification coefficients for CuSO4 and H2SO4, as indicated in Table II .
Equations of Keulegan.--Keulegan (19) presents the differential equations for motion and diffusion in the boundary layer for mass transfer in a manner similar to that used by Pohlhausen (15) for heat transfer. An approximate solution is developed by assuming the distribution of velocity and concentration to be arbitrarily selected sine functions of distance through the boundary layer perpendicular to the electrode surface. The resulting solution may be extended into the general form corresponding to equation (XV) as follows:
Keulegan compares density reductions between bulk solution and the electrode for deposition of copper and nickel, calculated by equations based on this theory, with experimental results determined in freezing experiments by Brenner (18) . The agreement obtained between calculation and theory is sufficient to constitute a strong indication of the correctness of the concepts which have been assumed in the boundary layer theory. Keulegan's presentation does not consider effects of migration and resultant increase in concentration of acid at the electrode on the developed density difference between the interface and bulk solution; however, the resultant error is not sufficient to alter the general agreement of the theory with the interpretation of Brenner's experiments.
Equations of Ostrach for heat transfer.--An excellent comprehensive treatment of heat transfer by free convection to vertical plates has been presented by Ostrach (19) . The convection-diffusion equations are developed to give differential equations of the form used by Pohlhausen. By use of an IBM Card Programmed Electronic Calculator, solutions of these differential equations were obtained for various values of Prandtl number to give useful tabular functions from which Nusselt numbers, temperature, and velocity distributions can easily be obtained. These equations are adaptable to the mass transfer problem by substitution of Schmidt number for Prandtl number. For the average mass transfer Nusself number over a plate of height Xo, the result of Ostrach may be expressed as follows: 
Effect of Experimental Variables on Limiting Current Density
Bulk concentration of reacting species.--Equation (XXI) indicates the effect of all variables on the limiting current density when a may be assumed constant. If variation of other properties with electrolyte composition is not significant for a given system, the limiting current density should vary with the 5/~ power of the bulk concentration of reacting species. In Fig. 7 , limiting current densities for the present experiments are plotted against eoncentration of cupric ion in the bulk electrolyte. A straight line of slope ~ passes through the data very well at concentrations greater than 0.IM. However, at lower concentrations, the relationship breaks down, due to failure of the assumption of constancy of a and other properties. Thus it may be concluded that limiting current density may vary as the 5~ power of concentration in certain cases, but that the rule is not universal.
Electrode height.--According to equation (XXI), the average limiting current density over an entire electrode should vary inversely as the 1/~ power of total electrode height. This relationship is substantiated in Fig. 8 , which is a log-log plot of current density vs. electrode height for three different CuS04 concentrations. As a further consequence of this relationship, the total current passing to an electrode increases as the ~ power of electrode height. 
Effect of Free Convection on Limiting
Current Distribution Equation (XXI) gives the local value of limiting current density at height x on a given electrode when the total height xo in the equation is replaced by local height x and the numerical constant is reduced to 0.508. According to this result, the local current density varies inversely as the 1/~ power of distance from the bottom of the electrode. This effect has been demonstrated by Wagner (18) , who measured the current distribution for deposition of copper. Fig. 9 shows the theoretical current distribution for one of the present experiments. To investigate the extent of nonuniformity of current distribution at current densities below the limiting value, two experiments were conducted in which copper was deposited at a steady state rate of 19.5 ma/cm 2 on an electrode of 7.6 cm height. After a given run, the fresh metal deposit was stripped off, and its weight per 1 cm 2 measured as a function of position on the electrode. This, in turn, permitted the calculation of local current density. At heights above 2 cm, the current distribution was fairly uniform. At lower heights, a significant distortion of current distribution is evident, indicating that the effect of free con- 
SPECIAL EXPERIMENTS
In order to illustrate certain additional features of the problem and to test further the general application of the correlation a number of special experiments were conducted as follows.
Copper Deposition from Aqueous Glycerol Solutions
In order to obtain a greater variation in properties of the electrolyte, particularly a variation in viscosity and diffusion coefficient, various H2SO4-H20 solutions were prepared containing glycerol in amounts ranging from 3.28 to 6.38 moles/liter. This increased the viscosity of the liquid and reduced the diffusion constant, respectively, by a factor of ten. Limiting current data were obtained for 1/~-in., 1-in., and 3-in. electrodes in the manner previously described. Table III presents the experimental results. Fig. 10 shows the compariso~l of Nu' as a function of SeGr for these solutions with the line obtained in the general correlation, Fig. 6 . This agreement is believed to be very satisfactory and an encouraging indication of the general validity of the correlation.
Study of Full-End Electrodes
In the preceding experiments, the electrodes were placed in Lucite holders and centered approximately midway between the floor of the celt and upper surface of the electrolyte. It seemed desirable, therefore, to study an electrode extending over the entire endwall of the cell, since this arrangement represents the opposite extreme in cell geometry. Accordingly, the entire Lucite end of the cell was replaced by a copper plate which served as the cathode. Limiting current measurements were made with liquid filling the cell at various levels from 2.5 cm to 10.0 cm. Experimental results are compared with the general correlation in Fig. 11 . Although the best line through the data might be placed a few per cent below th- (23) . vection persists at current densities well below limiting in these systems.
line based on Fig. 6 , the deviation is not very significant. It may, therefore, be concluded that the post-tion of the electrode with respect to the floor of the cell or with respect to the liquid surface is relatively unimportant insofar as limiting current is concerned.
Position of Electrode Relative to Floor of Cell
To observe further the effect of variation in electrode location, additional experiments were conducted with two electrodes 0.634 and 2.54 cm in height, respectively. In a series of runs, these electrodes were each placed at distances of 0, 1.3, 3.2, FTG. 12. Effect of time intervMs between current settings and potential reading and between successive current settings upon the limiting current. and 5.7 cm from the cell floor with the cell filled to a depth of 7.6 cm. Several solutions ranging from 0.042 to 0.732 in CuSO4 molarity were used in these tests. For a given electrode and solution, variations in the observed limiting currents from the average for the series never exceeded 1.5 per cent over the range of electrode positions.
Effect of Window Baffles between Anode and Cathode
In the majority of experiments, the electrolyte between anode and cathode presented a larger cross section perpendicular to the direction of current flow than did the cathode. Under these conditions, some nonuniformity of current distribution might be expected, particularly at the upper and lower edges of the cathode. To determine the extent to which such nonuniformity of current density might affect the limiting current data, several experiments were conducted using specially designed window-type Lucite baffles placed parallel to and near to the cathode. Two parallel baffles were used with windows of the same size as the electrode and located at the same elevation. Limiting current data were obtained for a 1-in. cathode at various elevations in the cell filled to a depth of 7.6 cm, with the baffles placed at distances of 1/~ in. and 1 in., respectively, from the electrode. Limiting current results obtained with and without baffles were identical within limits of experimental accuracy.
Variation in Technique of Obtaining Current-Potential Curves
In order to establish the validity of the experimental techniques which was finally adopted, various ways of obtaining current-potential curves were studied. The objective of these studies was to determine any effect on the limiting current of altering the time intervals between successive current settings, and of altering the time at which the potential was measured following a given current setting. In one series of experiments, the time of electrolysis at each current setting was held constant at 60 seconds, and potentials were measured following each current setting at intervals of 10, 30, and 50 seconds, respectively, in successive runs. In another series of runs, the electrolysis time was held at 180 seconds between current settings, and the potentials were measured at the same intervals as in the preceding series. The data for these runs, giving six different currentpotential curves for identical electrolyte compositions and electrodes, are shown in Fig. 12 . The maximum deviation of the limiting currents from the average value of 9.22 ma/cm ~ is 3.2 per cent. Irreproducibility of polarization of copper cathodes should be expected in view of results of other studies (22) . However, the limiting current density appears to be independent of the initial shape of the currentpotential curve, in agreement with the concept of mass transfer being the controlling process at the limiting current point.
